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Appendix A EM-based Estimation Method

This section derives the complete-data log-likelihood function and describes the expectation and max-
imization steps for the hidden Markov model developed in Section 3. We first consider the complete-data
log-likelihood function:

IOgL(CT ‘ @) = IOgL(YI,Zl,ANl,(Sl | 6) +10gL(}/2,Z2,AN2,52 | Cl,@)
+ -+ logL(YT, Zp, ANp, 0 ‘ Cr_q, @) (Al)

Let 1(A) denote an indicator function taking value 1 if A is true, and 0 otherwise. Using the Markov
property, we have
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Substituting (A.2) into (A.1) and taking the expectation conditional on X7 and ©®) we have
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In the expectation step (E-step), we need to compute the conditional probabilities and expectations in
Q(0,0W) for a given parameter set O, In the maximization step (M-step), we find © that maximizes
Q(©,0®). Then we set OPt) = argmaxe Q(O,0®). The algorithm starts with an initial set of
parameters ©©) and the E-step and M-step are run alternately until a termination (convergence) condition
is met.

We use a modified version of the forward-backward algorithm of Baum et al. (1970) to compute the
conditional probabilities and expectations in the E-step. In particular, we use the modified forward prob-
abilities of Lystig and Hughes (2002)

w(t,k) = P(Y; = k,ry | X¢_1,0) (A4)



and the backward (or smoothed) probabilities
At k) = P(Yi = k | X1, 0). (A.5)

With this choice of the forward and backward probabilities we can avoid the underflow problem and easily
compute the log-likelihood value of the incomplete data:
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Due to the choices of our complete data, we are able to solve for ©®11) in the M-Step explicitly, avoiding
the use of a computationally intensive search algorithm.

Finally, the asymptotic standard errors of the parameters can be obtained from the Fisher information
matrix. Speciﬁcally, the asymptotic distribution of the estimates of parameters in © is normal with mean
©p and variance I@ where Oy is the set of the true parameters, and Zg is the information matrix!. The
re-parameterization technique can be used to obtain the asymptotic distribution of the estimates of a new
set of parameters. Lystig and Hughes (2002) provide a recursive method to compute the first and second
derivatives of the log-likelihood function for hidden Markov models, which can be used to compute the
Fisher information matrix.

'In Appendix B we show that our model is identifiable so the Fisher information is nonsingular (see Rothenberg, 1971).



Appendix B Model Identification

For a given parameter set for the diffusion and jump components 6 = (u, X, A\, 1,2) , let Fp : R™ — [0, 1]
denote the cumulative distribution function of the n—dimensional vector of returns

AN
Ry=Zi+ Y o (B.1)
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That is, Fy represents the distribution of the returns for a given regime characterized by the parameter
set . Let F denote the class of all distribution functions Fy, and ¢(s) = E[e¥ /], s € R” the moment
generating function of R;. It is easy to show that
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With the moment generating function above, one can show that any finite mixture of Fy,,..., Fp, is
identifiable for the univariate case (n = 1) using a similar approach as in the proof of Proposition 1 of
Teicher (1963), which derives the result for the Gaussian distribution. The identifiability of the finite
mixture of the multivariate case can be proved from the univariate case similarly to the proof of the
Gaussian distribution in Proposition 2 of Yakowitz and Spragins (1968). More specifically, by assuming
the finite mixture of the multivariate case is not identifiable, we can show along the line of the Gaussian
distribution case that it contradicts with the fact that the univariate case is identifiable. Finally, the
identifiability of the finite mixture of distribution Fy can be extended to the identifiability of our hidden
Markov model using Theorem 2 of Teicher (1967). See also Section 12.4 of Cappe, Moulines, and Ryden
(2005) for detailed explanations of how to apply Theorem 2 of Teicher (1967) to prove the identifiability
of general hidden Markov models from finite mixtures.



Appendix C Test Statistics for Model Selection

We identify the number of regimes and the existence of jumps based on Davies (1987) who derives the
upper bound of the p-value for the hypothesis testing when nuisance parameters (those associated with
jumps and additional regimes) are present only under the alternative hypothesis. We test the hypothesis
based on the assumption that the likelihood ratio defined by

LR = 2(log-likelihood under alternative — log-likelihood under null) (C.1)

has a single peak over the space of the additional parameters under the alternative hypothesis (see, for
example, Garcia and Perron, 1996) when the model under the null hypothesis is nested in the model under
the alternative hypothesis. Our model has a larger set of estimated parameters, but the test adjusts for the
number of parameters. For the non-nested case (one regime with jumps vs. two regimes without jumps),
we obtain an upper bound of the p—value from the test statistic of Rivers and Vuong (2002):

VT [ 1 iln La(re [%1-1,0.)
or | T In(re [ X¢—1,0n)

T
where [y and &} ~N (14 and 6 A) are the one-period likelihood function and estimated parameters under null
(alternative) hypothesis, respectively, and &7 is the estimate of standard deviation of the difference of the
one-period log-likelihoods. We compute 67 based on Newey and West (1987) using the Bartlett weights
with various lag values, and choose the highest p—value as the upper bound.

op = (C.2)




Appendix D Benckmark Models

This section describes the benchmark models used in Section 5. Throughout this appendix, let r;;
denote the return of country ¢ at time ¢t fort=1,...,n,t=1,...,T.

D.1 Multivariate GARCH

We assume that each univariate process follows the GJR-GARCH(p, 0,q) model of Glosten, Jagan-
nathan, and Runkle (1993):
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where z;; = i€, it = zi41(2i¢ < 0) and € is normally distributed with mean 0 and variance 1. In
the CCC model, the correlation matrix of € = [e14,...,€n )" is a constant matrix S. In the asymmetric
DCC(m,l, k) model, the correlation matrix at time ¢ of €; is S;, which the implied correlation matrix of
Q¢, where Q; satisfies

m l m l k
Qu={1->a;=> 0, | Q=0 g+ > ajzjz_j+ Y gim—li—j+ > bQij (D.3)
j=1 j=1 j=1 j=1 j=1 j=1
and z¢ = [214, -+ 2nt)'s Tt = [M1ts - - - M) - Note that a;,bj, g; are constants and () is a constant matrix.

We fit the models with various choices of p,0,q,m,l,k € {0,1,2}. Based on the AIC, we select the CCC
model with GJR-GARCH(1,1,1), and the asymmetric DCC(2,0,2) model with GJR-GARCH(1,1,1).

D.2 Factor copula

Similar to Oh and Patton (2012), we assume that each univariate process follows the AR(1)-GJR-
GARCH(1,1,1):

Tit = a; +biTi 1+ 05 €y (D.4)
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where z;; = 0.6 and n;¢ = 241(%+ < 0). Note that a;,b;,w;, o, and §; are constants. e, is

assumed to be independent across ¢ and has marginal distribution F; which is the empirical distribution
of estimated ¢;; from the AR(1)-GJR-GARCH(1,1,1). Based on Oh and Patton (2012), the joint CDF of
€ = €1ty .., €nt) is modeled by a copula C(Fy,...,F,) implied from the copula of ¥ = [V1,..., ;] in
the following factor model:

k
Y= cijfi+ui

j=1

where f; and u; are all independent, and ¢; ; are the parameters representing the factor loadings. We
assume that f; follows the skewed-t distribution of Hansen (1994) with parameters (v, A), and fo, f3, fa (in
the four-factor model) and w; follows the same Student-t distribution with v degrees of freedom. For the
one-factor model with the same factor loading, we impose the condition ¢;; = ¢ for all ¢ = 1,...,n. For
the four-factor model, we impose no restriction on ¢; 1,7 = 1,...,n, but impose ¢; 2 = ¢z if country 7 is in
the Asia-Pacific region, and 0 otherwise; ¢; 3 = c3 if country ¢ is in Europe, and 0 otherwise; and ¢; 4 = ¢4
if country 7 is in North America, and 0 otherwise. We use the simulated method of moments of Oh and



Patton (2013) to fit the copula models based on the Spearman’s rank correlation and quantile dependence
at quantiles 0.15, 0.20, 0.80 and 0.85 fitting criteria. Due to high sensitivity to the starting values, we
randomly choose the starting values and fit each model for at least 30 times, and select the best model.

D.3 Multivariate factor stochastic volatility

The returns are assumed to follow the multivariate factor stochastic volatility model of Omori and
Ishihara (2012) with ¢ factors:

q
Tit = Z bi’jfj7t + )\t_leai’t/QELi’t 1= 1, N (D.ﬁ)
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where ) is i.i.d. with gamma(v/2,v/2) distribution, a4 ;1 is normally distributed with mean 0 and variance

a,ig/(l —¢2). Let €j4 = [€j1,t,. -, €jny) for j =1,2, ¢ = [5/1,t,5/2,t]/ and 7 = N1ty Nntqr). Assume
that the vector [e},7;]’ is jointly normally distributed with mean 0 and variance-covariance matrix

—_ 266 267] (D'g)
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where
Yee = diag(aie, e ,0,21+q’6) (D.10)
Yon = diag(ain, ce JTQLJF(M) (D.11)
Yem = diag(p101,e01,n, - - PntqOn+q,e0ntq1) (D.12)
and diag(aq, ..., a,) is the diagonal matrix whose (i,7) entry is a;. For identification of the factor loadings,
assume that
bi7j:O, 1<g, t=1,...,q (D13)
bm‘: 1, izl,...,q (D.14)

Note that b; j, ¢, 0ic, 0iy and p; are constants. We estimate the model parameters for one, three and five
factors using the MCMC method described in their paper.



Appendix E Quantile Dependence

Oh and Patton (2013), among others, use quantile dependence to illustrate the dependence between
stock returns. We now investigate how well our two-regime model with jumps fits the quantile dependence
implied from the data compared to the benchmark models. This provides a robustness check for a different
measure of extreme dependence. In particular, let 71 and ro denote the returns of countries 1 and 2 whose
marginal cumulative distribution functions are F; and F5. The quantile dependence at quantile ¢ < 0.5
is P(Fi(r1) < ¢ | Fa(r2) < ¢) and at quantile ¢ > 0.5 is P(Fi(r1) > ¢ | Fa(ra) > ¢). Note that it does
not depend on the order of r; and ry. For each model, we simulate 500,000 observations and compute
its empirical quantile dependence?. Figure E.1 shows the implied quantile dependences of multivariate
GARCH models (Panel (a)), factor copula models (Panel (b)), and multivariate factor stochastic volatility
models (Panel (c¢)) compared to those from the actual data, and the two-regime model with jumps. Observe
that the implied quantile dependence of our two-regime model with jumps matches that of the data very well
for all quantile levels. The quantile dependence from the multivariate GARCH models fits well to the data
for the upper tail (¢ > 0.5) but underestimates those for the lower tail (¢ < 0.5). It is also symmetric due
to conditionally normal assumption. The factor copula models, on the other hand, generate asymmetric
quantile dependence with higher values for the lower tail. However, they underestimate the quantile
dependences for both lower and upper tails, especially for the extreme values of ¢. The multivariate
factor stochastic volatility models provide similar results as the factor copula models except that they
underestimate the quantile dependences for all values of ¢. This emphasizes the limitation of these models
on capturing dependency of extreme returns.

2The empirical quantile dependence of observations (ri,4,72,¢),t =1,...T at quantile ¢ is

i(¢) o7 Lo LFi () < ¢ and Fa(r2e) <¢) 6 €(0,05]
q =
ﬁ Zle l(ﬁ’l(ru) > ¢ and FQ(Tz,t) >¢) ¢€(0.5,1)

where 1(A) is an indicator function equal to 1 if A is true, and 0 otherwise, and Fy is the empirical CDF of return ;.
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Figure E.1
Quantile dependence of GARCH, factor copula and factor stochastic volatility models.
This figure shows the average quantile dependences from forty-five country pairs implied from data, our two-regime model

with jumps and the benchmark models: GARCH (Panel (a)), factor copula (Panel (b)) and factor stochastic volatility (Panel

(©):



Appendix F Optimal Portfolio Weight Derivation and Calculation

This appendix provides the derivation of Theorem 6.1 and how to compute the optimal portfolio weights
numerically. First, let 7 = {Ry,..., Ry, Wy, ..., W;} denote the information set at time ¢. Based on Fi,
the investor forms her belief about the likelihood of the market regime g; = [q14,- - -, gk ), and optimally
chooses her portfolio weight x;. Then the returns R;y1, whose distribution depends on the next-period
unobservable regime Y; 11, are realized, and the investor updates her belief using the Bayes’ rule

K
Zj:l jDj,y fy(Req1)
K K

D1 21 Gtje fo(Rig)

where f,(r) is the likelihood function of the return R, at r given that the next-period regime Y;y; is y.
Observe that g, 41 depends on probability vector ¢; and return vector Ry .

Using the Markov property, it can be seen that the investor requires only her current wealth W; and
the regime probability vector ¢; to make her allocation. Let V' (¢, ¢, w) denote the value function at time ¢
when ¢, = q and Wy = w

By t4+1(qes Rit1) = (F.1)

W,
V(t,q,w) = HlanE L ‘ a=q¢Wr=w|. (F.2)

et
The associated Bellman equation for the optimality condition is given by

V(t,q,w) = mgx]E[V(t + 1, q41, Wigr) | Fil. (F.3)

It can be shown that the value function is of the form
wl™
L=y

V(t,g.w) = ht,q) (F.4)

where h(T,q) = 1 for all probability vector ¢. Substituting (F.4) into (F.3), and using (7) and (F.1), we
obtain

K K r /(R r 1—y
e'f +a' (et —e'f1
h(t,q) = (1 —7) mgXZ; Zl qzpzyE ( ( 11—~ ) h(t + 1, gt41(q, Rev1)) | Yer1 = y]
zZ=1Yy=
(F.5)
where ¢ = [q1,...,qk]'. From the optimality condition for the Bellman equation (F.3), the maximizer in

(F.5) is the optimal portfolio weight. This proves Theorem 6.1. When a one-regime model is assumed, the
resulting optimal portfolio weight reduces to a constant vector

(e +af (eftr —ers 1))1_7
L=y

2" = argmaxE
x

(F.6)

as the hedging demand for stochastic regime disappears.

The optimal portfolio weights can be obtained from solving the optimization problem (8). In order to
make computation possible, the return distribution is discretized based on an approximate integral formula
provided in Stroud (1971). Specifically, we use an accurate approximation to an integral of the form

H

/ . / e_(T%"'“""T%)g(rl, ceyp)dry e dry & Zﬂ)hg(ﬁ’h, ey Ton) (F.7)
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for some function g where the points 7, = [F14,...,7, )" and their associated weights wy, h = 1,..., H
are chosen so that the approximation becomes exact for any multinomial g of degree 5 or less®. For 10
countries, we need H = 1,044 points. This choice of approximation guarantees that all weights wy, are
positive. Without this property, the expectation in (8) after the discretization may assign negative prob-
abilities to some discrete return realizations, and consequently the numerical algorithm for maximization
problem (8) will try to minimize the utility at those realizations causing undesired errors in the resulting
x. See also Haber (1970) for the reasons supporting positive weights in integral approximations. Other
approximations of the form as in (F.7) fail to ensure this positive-weight property for degrees higher than
5, while approximations of other forms such as a product-rule quadrature will generally require a much
larger number of points for the same level of accuracy?.

To approximate the expectation in (8), we first condition on the number of jumps AN; so that the
conditional distribution of R; given Y; = y and AN; = m is normal with mean b(y) +mn(y) and covariance
matrix X(y) + mQ(y)

Tr 4 /(L Riy1 al 1—y
(e v (e ¢’1) h(t +1,q41(q, Ri41))

Y;5+1 = y]

L=y
o 7)\(y))\ m rf ! oRi1 TF1 1—y
e el +a (e e
= ) E ( ( ) h(t + 1, qt41(q, Reg1)) | Yesr =y, ANy =m|.
m! 1—x
m=0

(F.8)
Then we write conditional R;11 in terms of n i.i.d. standard normal random variables z1, ..., 2, using the

Cholesky decomposition of the covariance matrix 3(y) + m(y):
R = bly) + miy) + Lz (F.9)
where z = [21,...,2,)/, and L is the lower triangular matrix obtained from the Cholesky decomposition of

Y(y) + mQ(y) = LL'. Applying approximation (F.7) to expectations on the right-hand-side of (F.8), we
have

(erf 4 ' (eRH_l _ erfl))l—'7
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. —_ y7m7z
gym(zl,...,zn,w) = 1_7 h(t+1,qt+1(q,Rt+1 )) (Fll)
3 A multinomial function of degree d only contains terms of the form r‘lil r‘;z .-.7rdn guch that all dy, ..., d, are nonnegative

integers, and di + ...+ d, < d with at least one term having the sum equal to d.

“See, for example, Cools (1999) and the update of the list of all available approximations of the same type as in (F.7)
d+1\7
<)

on the author’s website. A product-rule such as the Gaussian-Hermite quadrature requires H = ( " points for exact

approximation of multinomial of degree d, or 59,049 points for n = 10 countries with d = 5.
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