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1 Derivation of the discount factor P (¢)

P7(t) = B o7 %] @

P7(t) is easily calculated using the fact thiat} is a gaussian process. The following can be found, for
example, in Duffie and Kan (1996) or Jegadeesh and Pennachi (1996) and is recalled here for completeness.
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Sinced andr are gaussian processg”g s)ds is normally distributed with mean and variance:
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The discount-factor value is then easily derived from the Laplace transform for normal random variables.

PT(t) — ) =B, (t,T)r(t)—C(t,T)0(t) (1.4)
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2 TheRisky Zero Coupon Bond price

For the purpose of our implementation we suppose default is triggered by a point process with stochastic
intensity.(s).! Thus, as in Duffie, Shroder and Skiadas (1996), default occurs at an unpredictable stopping
time Tp, which in terms of the related counting procd3g) can be defined &8, = {inft / D(¢) = 1}.

We assume that when the firm defaults, bond holders loose a frd¢tign of the market value of the
security (just prior to default). The value of the corporate zero coupon bond is given by:
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(2.1)
wherel,y is the indicator function that takes on the value of one if event A is realized aigk. Duffie
and Singleton (1995) and Duffie, Schroder and Skiadas (1996) have shown that, under certain technical
conditions, the solution to that recursive stochastic differential equation could be written simply as:

Pr(t) =ES |e ff(r(s)H(s»(s))ds] Vt < Tp 2.2)

Thus the credit spread defined in the text is simiphy [.. In other words§ is the instantaneous expected
loss rate, the product of the default intensity and the proportion of value lost in bankruptcy. This product
may itself be stochastic. It may depend on different state variables and may incorporaté jumps.

In fact, we argue that it is necessary to put more structure on the dynamics of the instantaneous credit
spread when modeling the term structure of credit spreads. We assume that for a top-rated credit issuer at
time its instantaneous credit process has the following dynamics:

dé'(s) = k,(s) (St(s) - 6t(s)) ds + o5(s)dws (s) + v¥(s)dN (s) — v(s)dN(s) (2.3)
B(5) = vE(s)ANL(s) — vi(s)aNi(s) (2.4)
o) = (1) (2.5)
s(t) = o (2.6)

1See Bemaud (1981) for the definition of such a process (D7 p. 27).

2However, it is important that the no-default value of the contract does not jump at the time of bankruptcy. In other words,
the jumps ind should occur with zero probability at the default event. Duffie, Schroder and Skiadas (1996) provide solutions to
defaultable bond prices for more complicated cases.



where N, N! are independent counting processes with deterministic intensity; and Nit) =
NL(t) = 0. k,, 05,0802, v}, 02 are at most deterministic functions of time ahds constant, so that
the instantaneous credit spread for a “refreshed credit quality issuer” follows:

do(s) = k;(s) (6 — 6(s)) ds + o, (s)dws(s) (2.7)
Thus the price of the risky zero-coupon bond price for a top-rated credit issuer atisme
Pi(t) = B e 0405 ] (2.8)

The expectation can be solved via standard PDE approach as in Duffie and Kan (1996), or Das and Foresi

(1996). We provide here another equivalent proof using standard martingale techniques.
First notice that we can write:

0'(s) = d(s) + /ts(vr?(v) + (11 (v) = V3 (0)) s (v, 5)) AN, (v) — /ts(vg(v) + (1] (v) = V5 () 7k, (v, 5))ANG (V)

(2.9)
wheres is the Ornstein-Uhlenbeck process of equation (2.7). Assuming MafV/) is independent of
(wy, wgs,wy) We obtain:

Pr(t) = EC [e, ftT(r<s>+6<s>>ds] EQ [e— JT L 3 )+ (0 (0) =18 () vy (ms))dN;(v)ds] EQ [e+ ST L (0) 4 (0) =08 (0) 75 (v,5)) AN (v) ds
(2.10)
To value the first expectation we apply a forward neutral change of measure introduced by El Karoui
—_ T’I‘s 8
and Rochet (1989) and Jamshidian (1991) and definegl by% = %. Note that under the
0T-measure§ has the following dynamics:

do(t) = (s (1) = (1) = p,504 (D)0, () Br (£, T) = pys05 (1), () C(£,T)) dt + o (H)dw () (2.12)

This follows from Girsanov’s theorem which states that given the Radon-Nikodym derivatbeve,
underQ”', one can define three standard brownian motigfs, wGQT andwégT with the same correlation
structurep,,, p,,, p,, as follows: dw®" = dw,(t) + (o, ()B.(t,T) + p,,0,C(t, T)) dt, dw? = dws(t) +
(p.s0.)B.(t,T) + p,,0,()C(t,T)) dt, anddeQT = dwy(t) + (p,,0,(t)B.(t,T) + o, (t)C(t,T)) dt.3

We see thafé} is a gaussian process undgf. Using the same approach as for the derivation of
riskless bonds (see appendix 1) we obtain:

RO [e ftT(r(s)+6(s))ds:| —E2 [6_ r r(s)ds] EtQT [6_ JT 5(s)ds] — PT()eMBT=Bs I (212)

T
Ast,T) = —/t Bs(u,T) (i, (w)d — p,, 0, (w)o, (w) B, (u,T) — p,, 0, (w)o, (u)C(u, T)) du +
T
I/Q/t B;(u, T)?03 (u)du
T
B&(t,T) = / ’)/6(t’ S)dS
Wd(t, 8) = efts —#rs(u)du

3The change in drift comes from the process of the Girsanov factor process defingdyES [¢]. Notice that%i =
—0,.(t)B,(t, T)dw,(t) — o, (t)C(t,T)dwe(t) and the change in the drift fércorresponds precisely to the diffusion partpf
times the correlation. See Karatzas and Shreve (1991) for an exposition of Girsanov’s theorem. Girsanov’s theorem is, in general,
stated for independent Brownian motions, but can be straightforwardly extended to the case of correlated brownian motions.
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To value the expectation

EtQ e I5 I w3 )+ ()~ v (0) 7w (v,s))dNi(v)ds]
we use Fubini’s theorem to show that

T s T
/t / (V2 (0) + (W (0) = 12 () s (0 8))dNE (v)ds = / (W (0)(T = v) + (V4(0) — v} (1)) B3 (v, T)) AN (v)
We also use the following lemma:

Lemmal Weclaim: - -
B2 [/ f(s)dN(S)} — E2 [67 f; (ke—f“))A(s)ds] (2.13)

where { N} is a point process with Q-intensity A(-) and f(-) is a predictable and bounded process on
t, T].

Proof: See E17 page 73 in Bmaud (1981) - but notice there is a typo in (4.9), (4.11) page
73 - the correct statement is as above, for which we provide a sketch of proof below.

We will show thatM (¢) = exp (— f(f f(s)dN(s) + f[f(l - e—f(s))A(s)ds> isaQ-martingale.
Applying generalized 4's lemma toM (¢) (see Protter 1995 ) we obtain:

dM(t) = A(t)(1 — e TOYM (¢t )dt + AM (¢) (2.14)
But AM(t) = M(t) — M(t~) = M(t~)(e~ /™ — 1)dN(t). Hence,
dM(t) = —(1 — e TOYM(E) (AN (t) — A(t)dt) (2.15)
But by the definition of intensityV(¢) — f(fA(s)ds is a Q@ martingale. Sincef(-) is pre-
dictable and bounded, this implies theft(¢) is also aQ Martingale. It follows thatV (¢) =
EZ2 [M(T)] and we obtain:

E2 [~ ftTf(s)dN(S)} — E2 [6— ff(l—e—f(sm(s)ds] (2.16)
O
Using the above, we obtain:
Etg - ftT [ (W (0)+ Wl (v)=vE (v)Vig (v,t))dN}i(v)ds] _ EtQ |:6_ ftT(l—e_fu(“sT)))\fL(v)dv] (217)

where
fu,T) = v3 () (T —v) + (v (v) — 3 (v))Bs (v, T)
Similarly we obtain:

Etg eftT fj(ug(v)+(uf(v)fvg(v))%5 (v,t))dNé(v)ds} _ Etg |:€, ftT(lfe—fd(v,T)))\Z(v)dv] (218)

where
fa(w,T) = =3 (u)(T = v) — ({(v) — 4 (v)) Bs (v, T)
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Putting equations (2.10),(2.12), (2.17), and (2.18) together, we finally obtain the formula for risky zero
coupon LIBOR bond prices:

PI(t) = PT(t)PL (t)eld —1'(sT)ds (2.19)

where:
PT(t) _ eAr(t,T)—Br(t,T)r(t)—C(t,T)ﬂ(t) (2.20)
Pi(t) = eAtD)=Bs(tT)) (2.21)

p(sT) = N(s) (1= e D) 4 2(s) (1 - e o)

This model has interesting implications for the top-rated credit quality credit spread. For simplicity
assume/ = v¥ = v, and av{ = v¢ = v, and that all coefficients are constant. In that case

/j,t(S,T) =\, (1 i e*Vu(T75)> + Ay (1 o eVd(T*5)>

And we see that if both probability and size of credit deterioration are greater than that of credit risk
appreciation X, > \; andv, > v,) then the term structure of credit spread will be increasing in time to

maturity for top-rated issuers. Notice that to a first order
(s, T) = Auru — Aqvg) * (T — 5)

i.e. only the expected appreciation net of expected depreciation ‘matters.” For our empirical application
we focus on estimating this difference.

Defining the term structure of credit spread&;” (¢), to be the difference between the yield on a
defaultable bond and a risk-free bond with similar maturity, we obtain for the present model:

—1 —As(t,T) + Bs(t, T)8(t) + [T ut(s, T)d
SPT(t) =~ Pr(t) — P (1)) = —206 D)+ Bo DI + Jy wls, Tds (2.22)
T T
Notice that for the case of constant coefficients we obtain the two following limiting results:
2
lim SP7(f) = 6(f) and lim SPT() =8 — -5 4+ Ay — Ag (2.23)

70 T—+00 2/{?

This illustrates that as the maturity tends to zero the spread tends to the instantaneous credit spread for
“refreshed credit quality” top-rated issuers. On the other hand, as maturity increases towards infinity,
the spread tends towards the limiting spread of a “refreshed credit quality” issuer plus the instantaneous
probability of credit depreciation minus the instantaneous probability of credit appretiation.

3 Derivation of the swap rate formula

The swap rat&’J (¢) solves:

1=2n ¢ 1=2n t
EP [Zeft bY@ =BE | Y e Oty i) (3.1)
=1 =1

4 The intuition for the fact that the size of the jump in credit spreadbes not appear in the formula, is that
only the probability of no jumps occurring which depends on the survival probabiﬁt{oT Asds affects spreads as
T — oo. Indeed, conditional on jumps occurring, the instantaneous expected risk-adjusted rate grows linearly in
time, which drives the bond price (conditional on jumps occurring) to zero at a rdte.



Using the fact that the swap rate is a constant, the definition of the risk-free discount bond (1.4) and the
definition of the (6-month) LIBOR rate, we obtain:

1=2n 1=2n
1 — P' (tifl)
nY P =Y EL [ 7] 32
) Z} Z B (32)
Substituting the expression for the risky discount bond and simple algebra lead to:
1=2n 1=2n *ftti r(s)ds
(14 YZ( Pt EQ ¢ , 3.3
s Z ; ' PO5(t; 057 iy —HiL(s,ti)ds (3.3)
= zfl)P(; (tzfl)e ¢

Conditioning with respect tg_; inside the expectation, and using the fact th@) is deterministic, we
obtain:

1=2n 1=2n

(1+YZ(t me ZEQ

tl ! r(s)ds

e
P05 )

] fttii_l “ti*l(sati)ds (34)

r(s)ds
PA(ti—1)
We use the forward-neutral change of measure described above and the forfjuia aibtain:

We thus need to compute the following expectatibf: [

— ti*lrs s
Be | J ()d] _ [ e ds] BE" [oAsCmt) Bttt

P55(t7;,1)

— Pti—l(t)EtQT [e_Aé(ti—lyti)‘l‘B&(ti—l7ti)5ti_1j|

Using the fact thab is a gaussian process under the forward-neutral measure, this last expression is
easily computed. Noting thass(¢,t;) — Bs(t, ti—1) = vs(t,ti—1)Bs(ti—1,t;) and tedious algebra then
lead to equation the following:

L(s,t;)ds

Ez %n [P S5(i— 1)(t)P55(i*1)(t)/P.5i( t) * ftl LB
it P(t)

*C(t,t; 1, ti)]

14+ YE(t) = (3.5)

Where in the above, we have defined:

ti—1
lnC(t,ti_l,ti) = / B(;(u,ti_l) (B,«(u,ti) — Br(u,ti_l)) P50, (U,)U(S (u)du + (36)
t

[ By tic1) (C(t) = Ol tim1)) g0, () () +
tt“ By(u,t) (Bs(u,t;) — Bs(u, ts1)) o5 (u)2du

After some rearranging and simple algebra, we obtain the equation for the swap rate in the text with:

ti t; ti—1
e = [ (o, t)ds - ( [ ttssias— [ m(s,ti_nds) 3.7)
ti—1 t t



4 Proof of Proposition 1

To prove the proposition notice thatdf = 1 the only difference between the LIBOR bond vyield rate
formula and the swap rate is the weightings of the forward LIBOR rates. It follows from the definitions
i PROLEI0

SITE PSi()
function of time to maturity. Hence there exists ®erifying 0 < ¢ < n such that for ali < ¢ the
inequality is verified. In other words, the weigthings in the formula to compute par-bond rates put more
weight on short-maturity forward LIBOR rates relative to the weights in the swap rate formula and the
inverse is true for long-maturity forward LIBOR rates. If the forward LIBOR curve is upward-sloping,
then the weighted sum involved in computing par-bonds rates weighs more the low forward LIBOR rates
and less the high forward LIBOR rates relative to the sum involved in computing the swap rates. As a
consequence, the LIBOR bond yield is lower than the swap rate. The inverse is true if the forward LIBOR
curve is downward-sloping. And obviously the swap rates and LIBOR vyields are equal if the forward
LIBOR curve is flat.

of wF andw; thatw; < w! if and only if P;%(¢) >

. But P{ () is a strictly decreasing

5 Theempirical implementation

5.1 Data

We use weekly data for Treasury, LIBOR par-bond and swap rates from October 12, 1988 to January 29
1997. The data were obtained from Datastream. Datastream reports the mid swaycaeesby a major

swap dealer for maturities of 2, 3, 4, 5, 7 and 10 years. Treasury bond data covers the maturities: 1, 2, 3,
4,5, 7 and 10 years. Finally we use the LIBOR vyields reported by Datastream for maturities 0.5, 1, 2, 3, 4,
and 5 years. These are quoted yields for fixed-coupon par-bonds negotiated OTC and issued by corporate
issuers (usually banks and financial institutions) rated AA or Better.

We report in Table 1 average Treasury, swap and LIBOR rates (based on semi-annual compounding)
for the period 1988 to 1997 as well as spreads. While the Treasury yield curve has assumed many shapes
over the period, on average, it has been upward-sloping. The average spread between LIBOR and Treasury
yields is increasing with maturity, it ranges from 38 bp at a 1-year maturity to 51 bp at a 5-year maturity.
The average spread between LIBOR and swap rates increases from 14.7 bp for 2 years to 17.3 bp for 5
years. However this spread is quite volatile and can be negative in some periods. By construction, the
swap rate for a 6-month swap should be equal to the 6-month LIBOR (the floating-rate leg). Hence the
LIBOR-Swap spread is zero for a 6-month maturity.

5.2 Econometric methodology

In order to subject our model to empirical scrutiny, we make a few simplifying assumptions. We assume
that all parameters are constant. To reduce the number of parameters to be estimated, we simply assume
thatvi = v¥ = v, v = v§ = vy and that\(s) = A4, and Xl (s) = A,. In words, we assume

that when the credit quality deteriorates (appreciates), both the long-term mean and the level of the credit
spreads jump by an equal amount, and that the probability of credit deterioration (appreciation) is constant.

The bid and ask swap rates quoted depend on the credit quality of the customer. The bid-mid and mid-ask spreads for a
generic swap quoted to a AAA or AA customer are generally equal to one basis point over the period. As mentioned in Sun,
Sundaresan and Wang (1993) and Cossin and Pirotte (1997), the spreads increase by a few basis points for a lesser-rated customer.

5The market is pretty liquid, see Sun, Sundaresan and Wang (1993) for a discussion of the LIBOR bond market and compar-
isons of the Datastream-data with alternative data sets



Table 1:Summary statistics on Treasury yields and various spreads. All yields are semi-annual and reported in per cent.

Maturity | Treasury| LIBOR | Swap | LIBOR-Treasury| Swap-Treasury] LIBOR-Swap
1 5.875 6.256 n.a. 0.381 n.a. n.a.
2 6.287 6.685 | 6.538 0.398 0.251 0.147
3 6.504 6.983 | 6.829 0.479 0.325 0.154
4 6.700 7.211 | 7.051 0.511 0.350 0.161
5 6.881 7.395 | 7.222 0.514 0.341 0.173
7 7.075 n.a. 7.453 n.a. 0.377 n.a.
10 7.257 n.a. 7.659 n.a. 0.402 n.a.

Because of a well-known indeterminacy arising in such models (Duffee (1999), Duffie and Singleton
(1999)) we cannot estimate the intensity of the jump separately from the size of the jump. Moreover we
cannot estimate appreciation seperately from depreciation. We thus estimate the expected appreciation net
of expected depreciation = A\, v, — A\gvg.’

We conduct a maximum-likelihood estimation using both time-series and cross-sectional data in the
spirit of Chen and Scott (1993) and Pearson and Sun (1994). The approach consists in using three arbi-
trarily chosen yields, e.g. a swap rate and a LIBOR bond yield to determine thesstaté) (sing the
formulas for the swap rate, the Treasury rate and the corporate bond rate, and given a vector or parameter
values. The remaining yields, which, at any point in time, are also deterministic functions of the state
variables are then over identified. Following Chen and Scott (1993), we assume these other yields are
priced or measured with ‘errdt.’

More formally, we suppos& (t) = Y (¢) + u(t), whereY (¢) is the vector of “true arbitrage-free”
yields andu(t) is a vector of “measurement/pricing errors” that is assumed to be identically zero for
three components, say the first three. The remaining components of the measurement-error vector are
assumed to be driven by an AR1 process similar to that of Chen and Scott (1993) of the(fgim=
piui(tj—1) + €(t;), where the; are joint-normally distributed and independent-pf) andd. The yields
are observed at timeg < t; < t9 < ... < t,,. Because, 6, are jointly gaussian, the likelihood can
easily be derived.

Indeed, the likelihood given the Markovian properties of our model, can then be expressed as follows:

L=C (?(tl), Y (t2), ... ,f/(tm)> -y (Y(tm)n?(tm,l)) L (?(tl)mto)) L (Y(to)) (5.1)

whereY (t;) = Y (t;) + u(t;) is a vector of swap rates, LIBOR and Treasury yields observed atttime
with ‘error.” Let us defind’;(¢) to be thei’” element oV’ (¢). As discussed previously, knowledge of (say)
Yi(t), Ya(t) andYs(t) (i.e. assuming:; = uy = uz = 0) allows us to perfectly infer the values oft),
0(t) andé(t). Conditioning on the first two elements¥f we obtain:

£ =2 (Vo)) £ (Vilt),i > 31Y (51), Yilt), Ya(t), Ya(t) ) £ (Y (1), Ya(ty), Ya ()Y (85 1))
(5.2)
Since we assume an auto-regressive process for the error terms, We(hgve: Y;(t;) + piui(tj—1) +

"With these assumptiong’(s) reduces to:p!(s,T) = A, (1 - e"’“(T’S)) -\ (1 - e"’d(T’”). But for smallv
(empirically it is of the order o10~*) a Taylor expansion shows that this reducegi®, T) = (Auv® — Aav?) * (T — ). We
thus choose to jointly estimate the parameter \,v* — \gv? using the approximatior! (s, T) = u(T — s).

8Duffie and Singleton (1997) use a similar method. Alternatively, we could have used a Kalman-filter to avoid making an
arbitrary assumption on which yields are priced without errors.



€;(t;) andY;(t) < > 3 is deterministic giver{Y; (t), Yz(t), Y3(t)), we obtain:

L=L (Y(to)) T2 £ (e(tj)]€(tj—1)) = L (r(t), 0(t5),6(t5)|r(tj—1),0(t5-1),6(Ej-1)) = [J ()] (5.3)

Where|.J(t)]| is the jacobian of the transformation fron®,é to Vi, Y», Y3 at datet (and the Jacobian of
the transformation fromtoY” is one).

Finally, observing thatr, 6, ) forms a gaussian process, we can easily derive its (gaussian) transi-
tion density. With the additional assumption that tlag are independent normally distributed, the log-
likelihood can easily be derivéd.
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